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1. Introduction 

After Noether and Lefschetz Ij one knows that the intermediate Neron-Severi 
group (i.e. the image of the cycle map Ar{X) i/,„(A;Z), [B], §19.1) of a general 
hypcrsurface X C P^+i = P™+i(C), m = 2r > 2, is generated by the r-th power 
of the hyperplane class, as soon as deg X > 2 + 2/r. On the other hand a result 
of Lopez , inspired by a previous work of Griffiths and Harris 7] , gives a recipe 
for the computation of the Neron-Severi group of a general complex surface of 
sufficiently large degree in P'^ containing a given smooth curve. One of the main 
purposes of our paper is to generalize Lopez's result to higher Neron-Severi groups. 

More generally let Y C be a smooth complex projective complete intersection 
of dimension m-|-l = 2r + l>3, Zbea closed subscheme of Y, and 5 be a 
positive integer such that Tz.y(3) is generated by global sections. Assume that 
for d » the general divisor X G \H'^{Y,Tz,Y{d))\ is smooth. This implies that 
2 dim Z < m and that, for any d> 6, there exists a smooth hypcrsurface of degree 
d containing Z [TT]. Improving ([H], 0.4. Theorem), in [2] we proved that if 
d > 5 + 1 then the monodromy representation on H"^ {X ; <Q)Y'z for the family of 
smooth divisors Xt £ \H'^{Y,OY{d))\ containing Z as above is irreducible (here we 
denote by i?"'(A;Q)™^ the orthogonal complement in i7™(A;Q) of the subspace 
H™(r;Q) + H"'{X;Q)z, where 77™(X;Q)z denotes the subspace of 7?™(A;Q) 
generated by the cycle classes of the maximal dimensional irreducible components 
of Z if m = 2dimZ, and H"^{X;Q)z = otherwise). Such a result does not 
apply directly to Neron-Severi groups since they involve integral homology, so this 
problem is more subtle. 

Unfortunately, the techniques generally used around questions of this kind (semi- 
stable degenerations, mixed Hodge structures, intersection (co)homology, etc.) may 
have a worse behaviour in passing from Q to Z. Our approach consists in looking 
at X as the general hyperplane section of a very special variety with isolated sin- 
gularities, and to reduce the problem to a question about the homology groups of 
such a variety, which can be expressly computed. 

Our first result is the following: 
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Theorem 1.1. Let Y and Z be as above, and let X g ((i))| be a general 

divisor containing Z , with d > 6 + 1. Let Zi, . . . , Zp be the irreducible components 
of Z of dimension r (if there are). Assume that h'''™~^{X) ^ for some i ^ r. 
Then the Neron-Severi group NSr{X) of X is of rank p + I freely generated by 
Zi, . . .,Zp and by the class G H"^{X]'Z) of the linear section of X . 

Theorem above follows from the more general Theorem 13.21 which improves the 
main result of [2], and also provides us the appropriate context in order to extend 
Lopez Theorem to higher Neron-Severi groups: 

Theorem 1.2. Let Y be as above. Let X, Gi, . . . , G,- be a regular sequence of 
smooth divisors inY, with X £ \H°{Y,OYid))\, Gi G Oy(fc;))| forl<l<r, 

and d > ki > ■ ■ ■ > kr > 1. Let Z be a closed subscheme of the complete intersection 
X nGi n ■ ■ ■ nGr- Let Xt e \H^{Y, OY{d))\ be a general divisor containing Z , and 
assume that ^ for some i ^ r. Denote by Zi, . . . , Zp, Ri, . . . , R„ the 

irreducible components of XtHGiC]- ■ -HGr, where Zi, . . . , Zp denote the irreducible 
components of Z of maximal dimension r. Then NSr{Xt) is of rank p + a freely 
generated by H^^, Zi, . . . , Zp, . . . , Ra-i- 

When Y = ¥^, and Z C 1" is an irreducible smooth curve, then previous Theorem 
11.21 reduces to the main result in [TU] , of which we now give a different proof. 

We note that the proof of the asserted independence of the generators will follow 
from the injectivity (proved in Theorem 12. 3p of the push- forward Hm{W\T,) 
Hm{X; Z), where W = Xr\G is a complete intersection with G smooth hypersurface 
such that degG < deg X (condition which implies that W has at worst isolated 
singularities iS]). We believe this fact of independent interest since it can be false 
when G is not smooth, even for nodal W^s. Indeed a general hypersurface X CV^ 
contains non-factorial nodal threefolds of the form G D X, with deg G < deg X. 

2. Preliminaries 

Notations 2.1. (i) Let Y C be a smooth complex projective variety, complete 
intersection in P^, of odd dimension TO+l = 2r + l>3. Fix integers 1 < k < d, 
and smooth divisors G G \H" (Y, Oy (k))] and X e \H"{Y,OYid))\. X is a smooth 
complete intersection, hence H™'{X; Z) is torsion free and H™'{X; Z) C H"^{X; Q). 
Put W := GnX. By ([5j, p. 133, Proposition 4.2.6. and proof) we know that W 
has only isolated singularities. 

(ii) For any smooth divisor Xt G |i/"(F, Cy((i))| we will denote by PD the 
Poincare dualities iJ„(Xf ; Z) = H"'{Xt;Z) and Hm{Xt;Q) = H"'{Xt;Q). 

(iii) Let P = Blw{Y) be the blowing-up of Y along W. We refer to g], 4.1, for 
a geometric description of P. Here we recall some facts. P has at worst isolated 
singularities, which are isolated hypersurface singularities because P is a divisor 
in the smooth variety P(C'y(fc) © Oyid)). For the strict transform G of G in P 
we have G = G, and G C P\Sing{P). The same holds for any smooth divisor 
Xt G \H°{Y,OYid))\ containing W. 

(iv) Let {XtjteL {L = P^) be a general pencil of divisors Xt G \H" (Y, Oy {d))\ 
containing W, and let be its base locus (apart from W), which we may consider 
as contained in P\Sing{P). Notice that Bl = Xt Ci Ml for a suitable general 
Ml e |i?°(r, Oy(d - fc))|. Denote by Pl the blowing-up of P along Bl, and 
consider the natural map f : Pl ^ L. Let A C L he the set of the critical values 



NOETHER-LEFSCHETZ THEORY AND NERON-SEVERI GROUP 



3 



of /. This is a finite set, and there is a point Ooo G ^ corresponding to the unique 
reducible fibre of /. For any t G L\{aoo} we have f-'^{t) ^ Xt £ \H°{Y, Oy(d))|. 
When a £ A\{aoo} then Xa is an irreducible divisor with a unique singular point 
Qa e Pl, and Sing^PL) Q [qa ■ a <£ A\{aoo}}- 

(v) Fix two regular values t,ti d L\A, with t ^ ti, and for any critical value 
a € A oi L a, closed disk Aa C L\{t} = C with center a and radius < p ^ 1. 
As in [S], (5.3.1) and (5.3.2), one proves that 

(1) H,{PL\XuXt,;Z) ^ ®aeAH,if-\Aa),Xa+p;Z). 

(vi) Fix a G A\{aoo}- By [3], p. 28, we know that near to the isolated singular 
point Qa G Pl the pencil f : Pl ^ L defines a Milnor fibration with Milnor fiber 
Xa+pHDa, where Da denotes a closed ball of P(OY(fc)©Oi'(d)) with center qa and 
small radius e with p << e << 1. The Milnor fiber Xa+p H Da has the homotopy 
type of a bouquet of to— spheres. In particular 

(2) Hm{Xa+p n Dq; Z) is torsion free, and H„^+l{Xa+p n Z) = 0. 

Moreover, since /~^(Aa)\-Da Aa is a trivial fibre bundle {Da'-= interior of 
Da)^ Excision Axiom and Leray-Hirsch Theorem [13| imply that the inclusion 
{Xa+p, Xa+p n Da) C (/" ^ ( Aa ) , ) ^ Da) induccs a natural isomorphism 
H,{Xa+p,Xa+p n Da;Z) ^ iJ* (/"i ( Aa) , /" H ) H Da^Z). Therefore, from the 
conic structure of /~^(Aa) n Da ([Sj, Lemma (2.10)), we deduce a natural isomor- 
phism for any / > 

(3) Hi{Xa+p,Xa+pr\Da\Z) ^ Hi{r\Aa);Z). 

(vii) The fibre /"^(ooo) is the union G U Ml of the strict transforms of G and 
Ml in P^. Since G = G and is isomorphic to the blowing-up of Ml along 
the smooth complete intersection Ml n W , and G n Af^ = G n Ml, then the map 
/~^(Aa_^) Aa^ is a semi-stable degeneration. Hence /"^(Aq^) retracts onto 
/^^(floo) ([12], P- 185), and we have 

(4) H,{r\Aa^);Z) = H^{r^{a^)-Z). 

(viii) For any regular value t G the natural inclusion map it : Xt ~> Pl 
induces Gysin maps if : Hm+2{PL]Z) -> Hm{Xt;Z) and j*Q : Hjn+2{PL;Q) 
Hm{Xt;Q). Now let Iw be the subspace of the invariant cocycles in H™{Xt;Q) 
with respect to the monodromy representation on H"^ {Xt ; Q) for the family of 
smooth divisors Xt G \H°{Y,OY{d))\ containing W. Denote hy iw ■ W ^ Xt 
the inclusion map. It induces push-forward maps iw* ■ Hm{W;Z) — > Hm{Xt]Z) 
and iwM* ■ ^^m(VF;Q) -> H^{Xt-<^). Put H'^{Xt;Z)w Im{PD o iw,), and 
i7"(Xf ; Q)vi/ Im{PD o iiv,Q J- Observe that i?™(r; Z) + H''^{Xt\Z)w is con- 
tained in Im{PD o i^). By 2 , (11), we also know that 

(5) Iw ^H'''{Y;Q) + H"'{Xt;Q)w. 

Lemma 2.2. The following properties hold: (a) Im{PD o i*) = H"'^{Y;Z) + 
H™'{Xt]Z)w; (b) Coker{PD oi*) is torsion free; (c) dimq Ker{PD o i*,,^) < 2. 

Proof, (a) We only have to prove that 

(6) Im{PD o i*) C i/™(r; Z) + i/"(Xt; Z)h/. 
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Denote by W and Bl the inverse images oiW CY and Bl C Blw{Y) in P^. The 
map Pl induces an isomorphism ai : Pl\{W U Bl) Y\{W U {Xt fl Ml)). 

Consider the following natural commutative diagram: 

H„-,+2{Pl;^) ^ H„,+2{Pl\{W\JBl);I.) 

"i II "1 

H„+2(y;Z) ^ Hm+2{Y\{W^{XtnML));'L) 

where a and ai are push-forward maps, (3 and /3i are Gysin maps, and pi, p2 and 
P3 are restriction maps to open subset in Borel-Moore homology (0, P- 371). Fix 
c e Im{PD o i*), and let c' G Hm+2{PL;'Z) such that (PD o i*)(c') = c. Since 
Pi o ai o pi — o then we have p3((PD)~^ (c)) = {p^ o (3 o a){c'). Hence we 
have iPD)-^{c)~l3ia{c')) e ifer(p3) = /m(i/„(T4^U(XtnA/L);Z) ^ i/„(Xt;Z)) 
([6], p. 371, (6)). So to prove (l6|) it suffices to prove that Im{Hm{W U {Xt n 
Mi);Z) ^ H,niXt;Z) ^ ff™(Xt;Z)) is contained in 7?"(y;Z) + ff™(Xt;Z)vy. 
Since W has only isolated singularities, and Ml is general, then W n and 
Xt n Ml are smooth complete intersections in P^, of dimension m — 2 and to — 1. 
In particular Hm-i{W HMl'jZ) = 0. From the Mayer- Vietoris sequence of the pair 
{W,Xt n Ml) we deduce that the natural map 77™(1^;Z) © Hm[Xt n Ml;Z) ^ 
Hm{W U (X( n A/l); Z) is surjective. Therefore to prove (O it suffices to prove that 
Im{Hm{Xt n Ml;Z) ^ Hm{Xt;Z) = i/™(Xt;Z)) is contained in H"'{Y;Z). This 
is obvious because Hm {Xt n ; Z) is generated by the linear section class. 

(b) Since Xt Q PL\Sing{PL), using Excision Axiom and Duality Theorem ([13j. 
p. 296) we get a natural isomorphism Hm+2{PL, PLXXtiZ) = H"^{Xt\1). There- 
fore PD o identifies with the second map of the natural exact sequence 

(7) Hi{PL\Xt;Z) ^ Hi{Pl;Z) ^ Hi{Pl, PL\Xt;Z) ^ i/;_i(Pi\Xt; Z) 

when Z = TO + 2, and the proof of (b) amounts to show that Hm+i{PL\Xt\'Z) is 
torsion free. Since _ff,„+i(Xtj ; Z) = 0, from the natural exact sequence 

(8) Hi{Xt,;Z) ^ Hi{PL\Xt:Z) ^ Hi{PL\Xt, Xt,;Z) 

we see that Hm+i{PL\Xt;Z) is contained in Hjn+i{PL\Xt, Xt^;!'). Hence, by ((T]), 
to prove (b) it is enough to show that Hm+i{f~^{'^a),Xa+p;Z) is torsion free for 
any a G A. To this aim, consider the exact sequence of the pair (/^^(A^), Xa+p) 

(9) Hi{Xa+p;Z) ^ Hi{f-\Aa);Z) ^ Hi{r\Aa),Xa+p:Z) ^ Hi^i{Xa+p:Z). 

Since Hm+i{Xa+p; Z) = and Hm{Xa+p; Z) is torsion free then it suffices to prove 
that 

(10) H,n+i{f~^{A.a);Z) is torsion free for any a G A. 

When a ^ Ooo this follows by ([2]) and ([3]), taking into account the natural exact 
sequence of the pair {Xa+p, Xa+p n Da) 

(11) Hi{Xa+p;Z) ^ Hi{Xa+p,Xa+pnDa;I.) ^ Hi^i{Xa+pnDa;Z), 

and that iJ„j_|_i(Xa+p; Z) — 0. 

When a ~ Uoc by (jl]) we see that to prove (fTO|l it is enough to prove that 
Hm+i{f^^{o.oo)\'^) is torsion free. This follows from the Mayer- Vietoris sequence 

(12) Hi{G;Z) ® Hi{Wl;Z) ^ Hi{r\a^);Z) ^ Hi^i{G r^ Ml]Z) 
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because 77„i(G n A/^; Z) is torsion free, -ffm+i(G;Z) = 0, and i/,„+i(ML;Z) = in 
view of the decomposition ([Mj, p. 170, Theoreme 7.31) 

(13) Hi{Wl-Z) = Hi{Ml\I^) ® Hl^2{MLr^W■,'L). 

(c) By the sequence ^ (tensored with Q) we see that to prove (c) it is enough to 
show that hm^2{PL\Xt;Q) < 2. Hence, since Hm+2{Xt^;'Z) = Z, by ([8|) it suffices 
to prove that hm+2{PL\Xt, Xt^'jQ) < 1- Combining ^ and ^ with the exact se- 
quences © and ((TT|) with I — m + 2, and with the fact that Hm+i{Xa+p; Z) = 0, we 
get i7„,.+2(/^^(Aa), Xa+p; (Q) = for any a G A\{aoo}- So, in view of the decompo- 
sition ([1]), the proof of (c) amounts to prove that hm+2{f^^{^a^), Xa^+p;Q) < 1. 
To this aim observe that since Hm+2{Xa^+p]Q) is generated by the hnear sec- 
tion class then the first map in ^ with / = m -I- 2 is injective. It follows that 
h^+2{f-\AaJ,Xa^+p;Q) = hm+2{f-HAaJ;Q) - 1 for H^+i{Xa^+p;Z) = 0. 
Therefore, by (01), we see that it is enough to prove that h,n+2{f^^{aoo):Q) ~ 2. 
This follows by the sequence (fT2|) with / = m + 2, taking into account that the 
kernel of its first map is Hm+2{G fl M^; Z) = Z, that Hm+i{G fl M^; Z) = 0, and 
that h„,+2{G; Q) + /i,„+2(mI; Q) = 3 in view of □ 

Theorem 2.3. Let Y C be a smooth complete intersection of odd dimension 
m+1 = 2r+l > 3. Fix integers 1 < k < d, and smooth divisors G G (Y , Oy {k))\ 
and X e |iJ"(y, Oy (d))|. PutW := X f\G. Then the following properties hold: 

(a) Iwn H"'{X; Z) = iJ™(y; Z) + H"^{X] Z)w (see Notations\t^ (vui)); 

(h) the push-forward iw* '■ Hm{W]'L) — *■ -ffm(X;Z) is injective. 

Proof (a) By (0) we only have to prove that Iw n H"'{X;Z) C H"'{Y;Z) + 
i?™(X;Z)w. To this aim, consider £_ £ Iw n H"'{X;Z). By © C is a torsion 
element in iJ™(X; Z) modulo H"'{Y; Z) + iJ™(X; Z)w So, by Lemma[221 (a) and 
(b), we deduce that ^ e H"'{Y;Z) + H"'iX;Z)w■ 
{h) Since iJ,„(W^; Z) is torsion free ([3], (4.4) Corollary (i), p. 162)) then to prove 

(b) is equivalent to prove that iw,Q^ is injective. By ^ we have Iw — H™{X] Q)w 
because II™'{Y;<Q) is generated by the linear section class which belongs also to 
H'^{X;Q)w Therefore to show (b) it suffices to show that hm{W;Q) < dimqlw- 
On the other hand, by Lemma [2.21 (a), and (O, we have Iw = Im{PD o i^q). 
Kence dimqlw ~ hm+2{PL]'^) — dimqKer[PD oi^ q), and, in view of Lemma l2.2l 

(c) , in order to prove (b) it is enough to show that 

(14) W(^l;Q) > /im(VF;Q) + 2. 

To this purpose let i? — > P be a desingularization of P, and Rl Pl be the 
induced map on the blowing-up. By ([4J, Proposition 5.4.4 p. 157, and Corollary 
5.4.11 p. 161) and ([14|, p. 170, Theoreme 7.31) we see that i7™+2(P;Q) and 
i?'"+2(PL;Q) are naturally embedded in H'"'+'^{Rl;<Q) via pull-back. Therefore 
the pull-back F'"+2(P;Q) ^ iJ™+2(Pi;Q) is injective, hence the push-forward 
i?m+2(PL;Q) H„i+2{P;Q) is surjective. This map cannot be injective because 
the class P^xH^^^ e IIm+2{PLi Q)\{0} {Hbl ~ hyperplane section of Bl) vanishes 
in iJ„+2(P;Q). We deduce 



(15) 



(Pl;Q) > h„,+2{P;Q) + l. 
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Now let W be the exceptional divisor in P, and consider the following exact se- 
quences in Borel-Moore homology ([()], p. 371, (6)): 

= Hm+3(Y; Q) ^ Hm+3{Y\W; Q) ^ H^+2{W; Q) A H„,+2{Y; Q), 

By P- 161, (4.3) Theorem (i)) we know that Hm+2{W;Q) is generated by the 
linear section class, so the push-forward v is injective, and then the first sequence 
proves that H^+3{Y\W;q) = 0. Then also H,n+3{P\W;Q) = because P\W ^ 
Y\W, and from the second sequence we obtain 

(16) W(-P;Q) > W(w^;Q)- 

Finally, using Leray-Hirsch Theorem [13j . we have 

(17) hm+2{W;Q)>KAW:Q) + l. 

Putting together US]), (HH) and ([17]), we get □ 

3. Proof of the announced results 
We keep the same notation we introduced before, and need further preliminaries. 

Notations 3.1. (i) Let X, Gi, . . . , be a regular sequence of divisors in Y , with 
X G \H°{Y,OY{d))\ and d G \H°(Y,OYiki))\ for 1 < ? < r. Let A X n Gi n 
■ ■ ■ n Gr be their complete intersection, hence dim A = r. Denote by Gi, . . . , G^^ 
the irreducible components of A. Assume that d > ki for any I < I < r, that X 
and Gi are smooth, and that for any 2 < I < r one has 

(18) dimSing{Gir]---nGi) < I -2 and dim Sing{X CiGi (1 ■ ■ ■ (iGi) < I - I. 

Observe that A verifies condition (0.1) in jTI]. Put W := X n Gi. 

(ii) Let /a be the subspace of the invariant cocycles in H™{X; <Q) with respect to 
the monodromy representation on H"^{X; Q) for the family of smooth divisors X G 
|iJ°(y,Oy(d))| containing A. Let Va be its orthogonal complement in H"'{X;Q). 
Denote by H'^{X;Z)a the image of i?m(A;Z) in H"^{X;Z) via the natural map 
H^{W;Z) H^{X;Z) ^ ff™(X;Z). In Notations O (viii), we already defined 
Iw and H"^{X;Z)w Observe that /a Q Iw for the monodromy group of the 
family of smooth divisors X G |-ff°(F, Oy (d))| containing is a subgroup of the 
monodromy group of the family of smooth X G \H'^{Y, C'y(d))| containing A. 

(iii) For any 1 < Z < r — 1 fix general divisor Hi G \H^{Y,Oy{ij-i))\, with 
< /xi < ••■ < /Ltr-i, and for any < / < r - 1 define (Yi, X;, VK;, A;) as 
follows. For / = put (Fq, ^o, Wq, Aq) := {Y,X,W,A). For 1 < / < r - 1 put 

Yi := Gi n ■ ■ ■ n Gi n Hi n ■ ■ ■ n Hi, Xi ■= x nYi, Wi -.^ x nYin G;+i, and 

A; := A n Yi. Notice that dimYr-i = 3 and that A^-i = Wr-i- 

Theorem 3.2. Let X G |i7°(F, 0y((i))| be a general divisor containing A. Then 
H"^{Y;'L) + H"^{X;Z)a is freely generated by Ci, . . . ,Guj-i and the linear sec- 
tion H^x- Moreover Ia n 7f'"(X;Z) = £r™(y;Z) + iJ™(X;Z)A = £r™(y;Z) + 
H"^(X;'Z)]y , and the monodromy representation on Va for the family of smooth 
divisors in \H^{Y,OY{d))\ containing A is irreducible. 
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Proof. Since i/,„(A;Z) is freely generated by Ci,...,C^ then to prove the first 
assertion is equivalent to prove that the push-forward i7m(A;Z) Hm{X;Z) is 
injective. When r = 1 this follows by Theorem l2.31 (b), because in this case W = A. 
Now argue by induction on r > 2. Since Ai = AOHi then A and Ai have the same 
number of components. Therefore the Gysin map 77^ (A; Z) Hm-2{Ai; Z) is bi- 
jective, and its composition tp with the push- forward i7„i_2(Ai; Z) — > Hm-2{Xi; Z) 
is injective by induction. On the other hand is nothing but the composition 
of the push-forward H,n{A;Z) — > Hm{W;Z) with the Gysin map Hfn{W;Z) 
Hm-2{Xi]1) (observe that Xi = Wr\Hi). Hence the map F„(A; Z) ^ Hm{W] Z) 
is injective, and so is the map ffm(A;Z) Hm{X;Z) by Theorem 12.31 (b), again. 

As for the remaining claims, note that since Iw 2 and I a H iJ™(X;Z) D 
H"'{Y; Z) Z)a, by TheoremHSl (a), it sufiices to prove that Z)w 

C if™(r;Z) H"'{X;Z)a, and that Fa is irreducible. So it is enough to show 
that for any < Z < r — 1 one has 

(19) i/"'(X,;Z)w', CH""{Yi;Z)+H"''{Xi;Z)a, 

{mi :— m — 21), and that the monodromy representation on Va, for the family of 
smooth divisors Xi G \H'^{Yi, OYi{d))\ containing A; is irreducible. To this purpose 
we argue by decreasing induction on When I = r — 1 we have A^-i = Wr-i- 
In this case (dH) is obvious, and by ([2], Theorem 1.1) we know that Va^_i is 
irreducible. Now assume < / < r — 1. By induction we have 

(20) /a,+, n i/^'+i {Xi+i; Z) = i/^'+i (1^+1 ; Z) + (X,+i ; Z) a,+, • 

Since Xi+i — Wi H then the inclusion map ixj+i : Xi+i — > Wi defines a 

Gysin map i^, ^ : Hmi{Wi\Z) (-^;+i; Z). Using the same argument as 

in the proof of (^2j, Lemma 2.3) we see that PD o ix^^-^ is injective (recall that 
HmiiWfjZ) is torsion free by ([3], (4.4) Corollary (i), p. 162)), and that its image 
is globally invariant. Since A/ C Wi, A/^i = A/ n Hi+i (hence the Gysin map 
Hm,{Ai;Z) i7„i,^j (A/+i; Z) is bijective because both groups are freely gener- 
ated by the irreducible components), and by Lefschetz Hyperplane Theorem we 
have ff™'+i(yi;Z) ^ i7"'+i(Y;+i;Z), then Im {PD o i*^^^^) D H"^'+^{Yi+i;Z) + 
H"^^+^ {Xi+i;Z) Ai^i ■ It follows that these groups are equal, i.e. 

(21) H^^{Wi;Z)^Im{PDoi*x^^J^H"''+^{Yi+i:Z) + H"''+'{Xi+i;Z)A,+,. 

In fact, otherwise, by (j20|l one would have Va,+i H Im {PD o ix,^-^ q) {0}, and 
since Va,+i is irreducible it would follow that i7„i, (W/; Q) = H""+^ {Xi+i;Q). This 
is impossible because, for -C /ii "C • • ■ <C fJ-i+i, (-^/+i; Q) is arbitrarily 

large with respect to hmi{Wi;Q). From (pij) we get (fl^ for the natural map 
Hm,{Wi;Z) ^ H^,{Xi;Z) = H"''{Xi;Z) sends i/"'+i(l,+i; Z) in H^'{Yi;Z) and 
i/'"'+i(X/+i;Z)A,+i in H"^'{Xi:Z)ai. Finally note that by Theorem EH and ^ 
it follows /a, = Iwi- So (|;2j. Theorem 1.1, and (11)) implies Va; is irreducible. □ 

We are in position to prove the results announced in the Introduction. 

Proof of Theorem \l.l[ Let Gi, . . . ,Gr be general divisors in \H'''{Y,Oy{S))\ con- 
taining Z. By (11., 1.2. Theorem) we know that X,Gi, . . . ,Gr is a regular se- 
quence, verifying conditions (|18p . Put A X n Gi fl • ■ • fl Gr- Hence A is a com- 
plete intersection of dimension r containing Z, and again by ([11], 1.2. Theorem) 
we know that A\Z is smooth and connected. Observe that A ^ Zi U ■ ■ ■ U Zp, 
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otherwise Z = A and this is in contrast with the assumption that Xz^y{5) is 
generated by global sections. Therefore, apart from Zi, . . . ^ Zp, A has a unique 
residual irreducible component, and so H™'{Y; Z) + H™{X] Z)a is freely generated 
by Zi,...,Zp, by Theorem 13.21 Again by Theorem 13.21 we deduce that I a is 
equal to the subspace Iz of the invariant cocycles in H"^{X;Q) with respect to 
the monodromy representation on H™'{X;Q) for the family of smooth divisors in 
OYid))\ containing Z. Since Iz^ (= Va) is irreducible, a standard argument 
shows that NS{X) C /a, i.e. NS{X) = Z) + Z)a. □ 

Proof of Theorem[rM Put A n d n • • • n Gr- Since X*, d, . . . , are 

smooth and d > ki > ■ ■ ■ > kr then the conditions (fT5)) are verified ([S], p. 133, 
Proposition 4.2.6. and proof). Therefore Theorem 13.21 applies to A. We deduce 

that NS{Xt) ^ i?"(r;Z) + i7"(Xf;Z)A, hence NS{Xt) is freely generated by 
Hxt^ Zi, . . . , Zp, Ri, . . . , Ra-^i. □ 
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